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ABSTRACT 

To improve  the geopotential representa t ion,  the u se  of sa te l l i t e - to -  

ocean a l t i tudes  ant ic ipates  that  the a l t ime te r  will be  accura te  to a few m e t e r s  

and that  the open ocean approximates  an  equipotential su r face  to a few m e t e r s .  

Computational  problems that  might  a r i s e  in the analyses  could be l a rge ly  

c i rcumvented by using a different ,  but equivalent, s e t  of functions to r e p r e -  

s en t  the geopotential  instead of using sphe r i ca l  ha rmonics .  At any point on 

the geoid, only a v e r y  few of these  a l ternat ive  functions have significant  values  ; 

the r e s t  a r e  negligible. 

P o u r  a v o i r  u n e  m e i l l e u r e  r e p r : s e n t a t i o n  d u  g g o p o t e n t i e l ,  l l e m -  

p l o i  d e s  a l t i t u d e s  e n t r e  l e s  s a t e l l i t e s  e t  l t o c g a n  e s c o m p t e  q u e  

l 1 a l t i m G t r e  s e r a  p r e ' c i s  $ q u e l q ~ e s  m G t r e s  p r 6 s  e t  q u l a u  g r a n d  l a r s e  

u n  o c e ' a n  e s t  p r o c h e  d l u n e  s u r f a c e  & q u i p o t e n t i e l l e  q u e l q ~ e s  m & t r e s  

p r g s .  P o u r  r e p r g s e n t e r  l e  g g o p o t e n t i e l ,  il e s t  p o s s i b l e  d e  c i r c o n -  

v e n i r  e n  g r a n d e  p a r t i e  l e s  p r o b l G m e s  d e  c a l c u l  q u i  p o u r r a i e n t  s e  

p r g s e n t e r  101s d e s  a n a l y s e s  e n  e m p l o y a n t  2 l a  p l a c e  d e s  h a r m o n i q u e s  

s p h g r i q u e s  u n e  s & r i e  d e  f o n c t i o n s  q u i  s o i t  d i f f L r e n t e  m a i s  g q u i v a -  

l e n t e .  Q u e l q u e  s o i t  l e  p o i n t  s u r  l e  g g o y d e ,  il n t y  a  q u e  t r 6 s  p e u  

d e  c e s  f o n c t i o n s  a l t e r n a t i v e s  q u i  a i e n t  u n e  v a l e u r  a p p r g c i a b l c ;  

l e s  a u t r e s  s o n t  n e g l i g e a b l e s .  

C q enm ynysmeama a o p ~ b r  n p e A c T a B n e s m n  n o T e s m a n a  aemm, 
Y I C I I O J I ~ ~ O B ~ H I I I ~  B ~ I C O T  C ~ I ~ T H ~ K O B  H a 4  oIceebHoM n p e A n o a a r a e T ,  s ~ o  ( a )  
B b I C O T a  3 T a  m 3 M e p a e T C E  C T O U H O C T b m  HeCZ4OJIbKI4X M e T P O B  YI ( 6 )  U T O  
I I O B e P X i I O C T b  OTECPbITOrO O H e a H a  MOXHO I T P Y I ~ J ~ P I ~ v I T ~ J I ~ H O  IIpYIHRTb 38  PLO- 

E e P X H O C T b  P a B H O F O  n[OTeHYYIaJIa9  T a x m e  C TOUHOCTbK)  HeCHO.JIbKYIX M e T -  
P O B c  ~ C C Y Y I C J I Y I T ~ J I ~ H ~ I ~  npobnemr, I c O T O p b I e  M O f Y T  B03HEECHYTb n P v I  
a ~ a n n 3 e ,  MOTHO m36exa~b B 3 ~ a s ~ ~ e . n b a o G  M e p e ,  3a~eqaa ciaepmnecme 
Q y a ~ c q r n m ,  ApyrVrMYis A 8  BCe-TaECYI TOXAeCTBeHHbIMIII,npeACTaBJI~rr[YrM G O -  
T e H q m a n  3 e m n ,  hfi nmboG TOYER H a  reoae T O J I ~ K O  H~CKOJIM-CO ~3 

3 ~ m x  Apyrmx, 3 a ~ e 1 u a ~ o m ~ x  PYHKYM~?, m M e e T  B a x H o e  ~ H ~ Y ~ H V I ~ ,  B c e M E  

o c T a . n m b m m  xe MOXHO n p e ~ e 6 p e u b ~  
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POSSIBLE GEOPOTENTIAL IMPROVEMENT 

FROM SATELLITE ALTIMETRY 

.!, 
C.  A. Lundquist  and G .  E. 0 .  ~ i a c a ~ l i a " .  

1. INITIAL ASSUMPTIONS 

A promising objective f o r  a n  a l t imete r  on a sa te l l i te  i s  the collection of 

informat ion about the geopotential.  This i s  su r e ly  not the only objective,  

nor  was  i t  the motivation for  e a r ly  s tudies  and exper iments .  F o r  a brief  

h i s to ry  of spacecra f t  a l t imet ry ,  s e e  Lundquist (1 967a). The possibil i ty that  

sa te l l i t e - to -ocean  a l t ime te r s  offer f o r  improving the geopotential i s  the  only 

subject  d i scussed  he re ,  but th is  l imi ta t ion by no means  de t r ac t s  f r o m  the 

impor tance  of other objectives. 

The p r e sen t  d i scuss ion  will not be concerned with the a l t ime te r  hardware  

that  migh t  be selected fo r  sa te l l i te  use .  An e a r l i e r  study concluded that  the 

da t a  f r o m  any of the s e v e r a l  possible s y s t e m s  could be used in  essen t ia l ly  

the s a m e  way with only m i n o r  di f ferences  in  da ta -process ing  deta i ls  

(Lundquist ,  1967a).  Equipment options a r e  under study by other  g roups  

(e ,  g . ,  Raytheon, 1968a, b, c ) .  An accuracy  no poorer  than a few m e t e r s  i s  

a s sumed ,  however. 

Use of sa te l l i te- to-ocean a l t i tudes  f o r  improving the geopotential accepts  

the concept that  the open ocean i s  a n  equipotential su r face  to an accuracy  of 

a few m e t e r s .  A r ecen t  study a t  New York Universi ty (Greenwood, Nathan, 

Neumann, P i e r son ,  Jackson,  and P e a s e ,  1967) reviews depa r tu r e  of rnean 

s e a  level  f r o m  an  equipotential su r f ace  due to var ious  geophysical  phenomena. 

In f ine deta i l ,  a t  dec ime te r  precis ion,  the s e a  level  depends upon many  fac tors  

that  a r e  of g r e a t  i n t e r e s t  to oceanography. Thus, a re l iable  descr ip t ion  of s e a  

level  corresponding to an  equipotential su r f ace  i s  a n e c e s s a r y  s t e p  on the way 

toward m o r e  detai led applications of a l t i rnet ry  to oceanography prob lems .  

This  work  was supported in  par t  by Contract  NSR 09-015-054 f r o m  the 
National Aeronaut ics  and Space Adminis t ra t ion.  

.t, ,L. 

Polytechnical  School and Institute of Astronomy and Geophysics,  Universi ty 
of SZo Paulo,  SZo Paulo,  B raz i l .  



Among these  oceanographic  topics ,  waves de se rve  speci f ic  d iscuss ion.  

C lea r ly ,  the s igna l  r e t u rned  f r o m  the ocean m u s t  be p roce s sed  by the a l t im-  

e t e r  i n  such  a way a s  to average  over the wave s t r uc tu r e  beneath the sa te l l i t e .  

Since  ocean waves  s e ldom exceed a few tens  of m e t e r s  ampli tude,  a n  ave r ag -  

ing a c c u r a c y  of 1070 i s  a l l  tha t  is requ i red  fo r  the geopotential applicat ion.  

Th is  m a y  not be a complete ly  solved p rob lem to  date ,  but i t  s e e m s  l ikely to  

be solved.  If uncer ta inty  r ema ins  a t  the t ime  a n  a l t ime t e r  is flown on a 

sa te l l i t e ,  a n  appropr ia te  in-flight ca l ibra t ion p r o g r a m  can ce r ta in ly  be  

es tab l i shed .  L a s e r  t racking f r o m  a ground s ta t ion probably can  provide the 

s tandard  f o r  ca l ib ra t ion  when the s ta t ion  i s  n e a r  a n  ocean. He rea f t e r ,  the 

a s  sumpt ion i s  adopted that  the  a l t ime t e r  provides  al t i tudes p roper ly  co r r ec t ed  

f o r  the  ocean  waves,  that  i s ,  f o r  s e a  s ta te ,  to an  accuracy  of a m e t e r  o r  so.  

O the r  co r r ec t i ons  m u s t  be  made  because  a n  equipotential su r f ace  

calcula ted f r o m  the express ion  in spher ica l  ha rmonics  applicable a t  sa te l l i t e  

a l t i tudes  wil l  not be  c o r r e c t  a t  s e a  level ,  owing to the gaseous  and solid m a s s  

above the geoid. Veis (1 967) has  d i scussed  the a tmosphe r i c  cor rec t ion ,  which 
- 6  

has  a re la t ive  magnitude of 10 . Madden (1968) has  examined the ma the -  

ma t i c a l  questions concerned with the fac t  that  the s e a  level  l i e s  within the 

s m a l l e s t  s p h e r e  containing the solid m a s s  of the ea r t h .  He has  shown that  

the co r r ec t i on  that  m u s t  be  applied to c o r r e c t  the calcula ted equipotential  

is no l a r g e r  than a few m e t e r s  (Madden, 1968). His work a l s o  yields the 

fo rmu la s  to make  this  cor rec t ion .  He rea f t e r ,  i t  wil l  be a s sumed  that these  

co r r ec t i ons  a r e  applied if nece s sa ry .  

I n  s u m m a r y ,  the  d i s cus s ions  to  follow a s s u m e  that  sa te l l i te-  to-ocean 

a l t i tudes  c an  be m e a s u r e d  to  the accu racy  with which the ocean i s  a n  equi-  

potential  surface .  Quanti tat ively,  this  ant ic ipates  that  the a l t ime t e r  wi l l  be 

a c c u r a t e  to  a few m e t e r s  and that  the open ocean is a n  equipotential su r f ace  

to  a few m e t e r s .  The f o r m e r  s e e m s  to  be poss ible  in  the judgment of des ign 

eng inee r s ,  and the l a t t e r  r e p r e s e n t s  the be s t  e s t ima t e  of oceanographers .  



The g r e a t  value of sa te l l i te- to-ocean al t i tudes f o r  improving a de sc r ip -  

t ion of the geopotential r es ides  in the fact  that  s e a  level  i s  much m o r e  sen-  

si t ive to  f ine deta i l  i n  the potential than i s  the sa te l l i te  motion governed by 

the potential.  Stated another way, knowledge of a sa te l l i te  orbi t  to 1 m 

te l l s  much  l e s s  about deta i ls  in the potential than does  knowledge of s e a  level  

to 1 - m  accuracy .  Never theless ,  i t  s e e m s  likely that  the a l t imete r  data  m u s t  

be used concurrent ly  to  refine both the o rb i t  and the potential.  



2.  TRACKING DATA 

The conclusion was reached in  previous  publications that  sa te l l i te  - to- 

ocean a l t i tudes  can  be t rea ted  i n  the s a m e  manne r  a s  o ther  sa te l l i te- t racking 

da t a  (Lundquist,  1967a, b ) .  The a rguments  supporting this  conclusion will 

not be repeated h e r e .  The re fe renced  publications give the genera l  e x p r e s -  

s ions  by which al t i tude observat ions  yield equations f o r  improving both the 

o rb i t  of the sa te l l i t e  and the geopotential representa t ion.  The equations a r e  

identical  in f o r m  to the equations employed, f o r  example,  to uti l ize s ta t ion-  

to-sate l l i te  range  measu remen t s .  

Altitude observat ions  will  not alone be sufficient t o  de te rmine  a n  accu-  

r a t e  o rb i t  f o r  the sa te l l i te  ca r ry ing  the a l t imete r .  The s emima jo r  axis ,  

eccentr ic i ty ,  and posit ion of per igee  should be well determined f r o m  the 

a l t imet ry .  The orb i t  inclination and the position of the node will depend 

s t rongly  upon t racking f r o m  fixed ground s ta t ions .  

L a s e r  t rack ing  f r o m  ground s ta t ions  i s  l ikely to yield the m o s t  useful  

da ta  to  blend with a l t i tudes  in  o rb i t  determinat ion and geopotential improve-  

ment .  L a s e r  ranging i s  pa r t i cu la r ly  compatible with a l t ime t ry  because  

both a r e  dis tance m e a s u r e m e n t s  and because  l a s e r  s y s t e m s  can eas i ly  

m e a s u r e  d i s t ances  to  m e t e r  a ccu rac i e s  o r  bet ter  (e.  g . ,  Plotkin, 1968; 

Bender ,  1967; L e h r ,  Maes t r e ,  and Anderson,  1967). Other  ground t rack ing  

data  wil l  be valuable in  propor t ion to the i r  ability to contribute to o rb i t s  

approaching a c c u r a c i e s  of a few m e t e r s .  

The geodetic heights of t racking s ta t ions  de te rmined  f r o m  conventional 

geodetic leveling re fe renced  to s e a  level  gauges can provide a valuable con-  

f i rma t ion  o r  ca l ib ra t ion  f o r  the a l t ime te r .  F o r  s tat ions near  the coast ,  th i s  

c r o s s  check can  be accomplished through a s imple  calculation using the 

geodetic height, a ccu ra t e  geocentr ic  s ta t ion coordinates ,  and simultaneously 



measured satellite- to- ocean altitudes and station- to- satellite ranges. 

Perhaps large lakes near tracking stations could provide a similar check. 

The probability that the satellite pass over the lake would be greatly 

increased if  the latitude of the lake were the same as the inclination of the 

satellite. 



3 .  GEOPOTENTIAL DETAIL, 

A c ruc ia l  quest ion i s  the de ta i l  i n  the geopotential r epresen ta t ion  that  

m a y  be expected f r o m  analyses  of sa te l l i te-  to- ocean al t i tudes of the accu-  

r a c i e s  anticipated. As a n  in i t ia l  approach  to th is  problem,  p r e sen t  knowl- 

edge of the s e a  prof i le  can  be examined. 

Geoid su r f ace s  calculated f r o m  previous  sa te l l i te-determined geopoten- 

t i a l s  give one indication of the  expected profi le.  The geopotential contained 

i n  the 1966 Smithsonian Insti tut ion Standard E a r t h  i s  a typical  example  

(Gaposchkin, 1966a).  Th is  i s  a geopotential r epresen ta t ion  i n  sphe r i ca l  

ha rmonics  through indices 8, 8, with a s so r t ed  higher deg ree  t e r m s .  I t  

r evea l s  large-scale  var ia t ions  up  to  m o r e  than 100 m in  the geoid posit ion 

re la t ive  to a r e f e r ence  ellipsoid. Clear ly ,  an  a l t ime te r  a ccu ra t e  to a few 

m e t e r s  should ea s i l y  de tec t  and conf i rm these  l a rge - sca l e  f ea tu r e s  of s e a  

l eve l .  

Something i s  a l s o  known about r a the r  smal l -scale  var ia t ions  i n  s e a  l eve l .  

F o r  example,  a shipboard m e a s u r e m e n t  by von A r x  (1966) ha s  shown that  i n  

l o  of latitude ove r  the  Pue r to  Rico t rench,  the geoid has  about a 15 -m 

dep re s s ion  re la t ive  to an  ellipsoid. A f ea tu r e  of th is  s i z e  would a l so  be  

detected by a n  a l t i m e t e r  having an  accu racy  of a few m e t e r s .  Although 

the Pue r to  Rico t r e n c h  i s  unusual, i t  i s  su r e ly  not unique in  the  oceans .  The 

s igna ture  in the geopotential  of many  such  f ea tu r e s  would b e  obtained by a 

sa te l l i t e  that observed  each  squa re  deg ree  of the ocean. 

Th i s  l a s t  r e m a r k  has  awesome consequences,  f o r  t he r e  a r e  some  40, 000 

one-degree  squa re s  on the sur face  of a sphere  and perhaps  25, 000 of these  

would l i e  over the  open ocean. To r ep re sen t  a geopotential that  i s  allowed 

to have an  a r b i t r a r y  value f o r  each  one-degree  square ,  an  expansion with 



some 40, 000 t e r m s  and coefficients i s  required. F r o m  a slightly different 

point of view, an expansion in spherical  harmonics  through indices 180, 180 

i s  appropriate to r ep re  sent variations having wavelengths of one degree.  

Thus i t  s eems  that to represent  the detail  that could be detected by an 

al t imeter ,  a very extensive geopotential model i s  implied. 

Stated in a m o r e  affirmative manner ,  satell i te-to-ocean al t imetry offers 

the possibility of a vast  improvement in the knowledge of the geopotential. 

Perhaps  the realization of this  possibility should be discussed ( o r  even 

executed) in  m o r e  modest  steps than the jump f r o m  an  8 , 8  to a 180,180 

representation. 

As  a f i r s t  step, the possible al t imeter  contribution to a spherical  har -  

monic expansion through 15, 15 can be examined. This i s  the detail specified 

a s  an  objective in the present  United States National Satellite Geodesy P ro -  

g r a m  (Rosenberg, 1965). Several  authors have noted that even through this 

number of harmonics  there may be coefficients that a r e  difficult to determine 

only by .their effects on the orbits of typical satell i tes (Strange and Rainey, 

1968). 

An expansion through 15,15 has  a shor tes t  wavelength of 12 degrees 

and 256 harmonic coefficients. To this detail, for  altitude observations,  there  

should be no difficulty in using exactly the same  procedures and computer 

programs conventionally employed to determine geopotential coefficients 

f r o m  satell i te - tracking data.  The pertinent equations have been discussed 

(Lundquist, 1967b). Over the oceans, fur thermore ,  the altitude m e a s u r e -  

ments  should easily supply the observational mater ia l  necessary  for  a sound 

solution, thus alleviating the mentioned deficiencies in a solution based only 

on ground-s tation tracking. 

Over land a r e a s ,  there  may s t i l l  be a deficiency in information neces-  

s a r y  for  a full 15,15 solution since the altitude data  a r e  of no help here .  

However, surface gravity measurements  and astrogeodetic geoid s m a y  be 

available in enough detail  to complete the requirements  for  the des i red  



solution. P rocedu re s  fo r  using sur face  gravi ty  information i n  combination 

with sa te l l i t e  geopotential solutions have been demonstra ted (e .  g. , Kbhnlein, 

1967). The published combinations of th i s  kind a l l  suffer  f r o m  poor d i s t r i -  

bution of gravi ty  data. The oceans a r e  covered par t i cu la r ly  sparse ly ,  but 

th is  i s  just  where  a l t ime t ry  will  f i l l  the gap. 

In  summary ,  it i s  quite reasonable  t o  expect  that  a modes t  number  of 

well-dis  tributed sa te l l i te-  to- ocean al t i tudes,  combined with ground- s ta t ion  

t racking,  su r f ace  gravity,  and as t rogeodet ic  geoids, wil l  provide for  a s t rong 

15,  15 geopotential solution. This m a y  well  be a convenient way to complete 

such a solution, although the  u s e  of enough sate l l i tes  in  resonance with 

var ious  t e r m s  i n  the potential  migh t  eventually complete the  t a sk  (Strange 

and Rainey, 1968). 

The next s t ep  t o  consider  i n  geopotential deta i l  i s  probably a solution 

through 36, 36, corresponding to var ia t ions  down to 5 -degree  wavelength. This  

deg ree  of de ta i l  i s  suggested because  i t  i s  common to average  su r f ace  g r av -  

i ty  over  5-degree  squa re s ,  and a combination of commensura te  sur face  and 

a l t ime t ry  da ta  could be made .  This en t e rp r i s e  would pose some  p rob l ems  

not encountered se r ious ly  in the 15,  15 ca se .  

The f i r s t  p rob lem a r i s e s  f r o m  the number  of coefficients in  an  expansion 

te rmina ted  a t  36, 36; t h e r e  a r e  372 = 1369 of these  coefficients. This  s ays  

tha t  the  potential a t  any point i s  calculated by summing these  many t e r m s  in  

a s e r i e s .  Also, the approach  d i scussed  fo r  the  15 ,15  case ,  if used i n  the 

36,36 ca se ,  would imply the invers ion  of a 1369 X 1369 m a t r i x  to solve  f o r  

the  coefficients. These  operat ions  a r e  possible on m o d e r n  computers ,  but 

avoiding t hem would be a p r ac t i c a l  advantage. 

The second prob lem with a 36, 36 solution a r i s e s  because  t he r e  i s  l i t t le  

hope that  the n e c e s s a r y  da t a  can  be obtained f o r  th is  deta i l  in  a l l  p a r t s  of the 

globe. Over  the oceans,  a n  a l t ime te r  could provide enough observat ions  fo r  

e ach  5" X 5" a r e a ,  but many land a r e a s  lack correspondingly dense sur face  

m e a s u r e m e n t s .  Also,  the o rb i ta l  perturbations caused by potential t e r m s  of 



this degree a r e  in  general too sma l l  to be used to find the potential coeffi- 

cients,  although many resonance cases  a r e  an exception to this situation. 

These problems could be largely circumvented by using a different, but 

equivalent, s e t  of functions to represent  the geopotentia1,instead of using 

spherical  harmonics.  These alternative functions a r e  discussed in some 

detail  in subsequent sections. In brief, there must  be the same number of 

independent functions-that i s ,  1369 functions for the equivalent of a 36,36 

representation. However, a t  any point on the geoid, only a very  few of the 

functions have significant values; the r e s t  a r e  negligible, and the potential a t  

any point is  the sum of only a very  few t e r m s .  If the coefficients of the a l te r -  

native functions a r e  adjusted, i t  is easy to represent  geopotential detail  where 

i t  is known. On the other hand, short-wavelength detail can be conveniently 

avoided where detailed data a r e  not available. Finally, the alternative func- 

tions a r e  a l inear  combination of the spherical  harmonics so  that the t r ans -  

format ion  back and fo r th  between the potential expressed in the equivalent 

se t s  of functions can be performed easily with a ma t r ix  of constant 

coefficients. 

If a geopotential expansion through 180, 180 i s  finally considered s o  as  

to include such detai l  a s  those caused by the Puerto Rico trench, the problems 

mentioned for  the 36,36 representat ion a r e  fur ther  exaggerated. Here,  

32,761 t e r m s  in a spherical  harmonic expansion contribute to the potential 

a t  each point, which i s  clearly an impract ical  way to specify the potential. 

Still, over the oceans a n  al t imeter  promises  to measure  this detail. Over 

land, corresponding data will ve ry  probably not be known, except perhaps 

in highly developed regions, such a s  the United States o r  Europe. Again, 

an alternative s e t  of functions seems to be a way to plan for  t reatment  of 

a l t imeter  data. 

The r e s t  of this paper pursues this thought. No claim i s  made that 

this  approach i s  unique. Nor has  the utility of the method yet been demon- 

s t rated in  practice,  although typical cases  could easi ly  be simulated. The use  

of a l t imetry data seems  to present no obstacles of principle, but ra ther  to pose 

problems of numerical  procedures.  The discussions in the following sections 

suggest a likely solution to these problems. 



4. FUNCTIONS OF ONE VARIABLE 

The characteristics of the functions suggested as alternatives to three- 

dimensional spherical harmonics can f i rs t  be illustrated by more  simple 

functions of one variable (Giacaglia and Lundquist, 1968). Any function 

represented by a truncated Four ier  ser ies  can be represented equivalently 

as  a linear combination of these alternative functions of one variable in 

essentially the same way that alternative functions of three variables would 

replace the spherical harmonics. 

To illustrate this situation, consider a real  variable 0 5 X <   IT and a 

set  of 2N + 1 functions (1, cos X, sin X, cos 21, sin ZX,  . . . , cos NX, 

sin NX). These elementary trigonometric functions span a linear vector 

space of dimension 2N + 1. Any function in the space can be represented 

in the fo rm 

N 

f ( X )  =x ( c  cos jX + s s in  jX) , 
J j 

j= 0 

where c .  and s .  a re  constants. Conversely, any function representable in 
J J 

this fo rm i s  in the space. The set  (cos jX, s in jX) i s  a basis in the space. 

Another set of functions forming a basis in the same space is  desired, 

with the property that each function q.(X) have significant values for  arguments 
J 

near some X =  X 0 5 X.<Zn, and smal lvalues  elsewhere i n the  same inter- 
j' J 

val. F o r  simplicity of language, this will be called the localized property 

of the function, since each is  significant only in one locality in the domain of 

its argument. 



A s e t  of functions with this property can be generated by the requirement  

that 

for  

Conditions (4. 2) a r e  sufficient to determine the coefficients in equation (4. 1)  

fo r  the representat ion of q a s  a l inear  combination of the trigonometric i 
functions. 

Imposing conditions (4. 2 )  yields the relations 

The index N i s  added to keep t rack of the dimension (2N + 1)  of the space 

in which the q have been generated. The inverse of (4. 3 )  i s  
N j 

cos mX = cos mX Nj q ~ j  ' 
j= 0 

s in  mX = Nj ' ~ j  ' 

j= 0 



With equation (4 .  4 ) ,  any function of the f o r m  (4. 1) can  immedia te ly  be 

r ewr i t t en  a s  a complete ly  equivalent  l inear  combination of the q . thus  the Nj' 
f i r s t  e s s en t i a l  p rope r ty  of the  q ha s  been demons t ra ted .  In  addition, the 

Nj 
functions have m a n y  o ther  use fu l  p roper t i es .  

Evaluat ion of equation ( 4 . 4 )  f o r  m = 0 yie lds  the f a c t  that  

The q (1) a r e  orthogonal  functions ; tha t  i s ,  
N j 

Also ,  

F r o m  the f o r m  of (4 .  3 ) ,  it i s  c l e a r  that  all the q have the s a m e  shape.  
N j 

They differ  only by t rans la t ions  in mul t ip les  of ZIT / ( 2N  + 1 ) along the X axis: 

Final ly ,  the localized p rope r ty  of the q m u s t  be demonstra ted.  F o r  
N j 

e ach  one of the  2 N  t 1 values  of X equally spaced between 0 and  IT, condition 

( 4 . 2 )  e n s u r e s  that  all but one of the q a r e  ze ro .  Hence, a pa r t i cu l a r  q h a s  
N j N P 

a m a x i m u m  value 1 a t  point A and z e r o  a t  a l l  the o ther  2N points. Another  
NP 

way  t o  s t a te  this  i s  tha t  a t  e ach  of the 2N + 1 points, only the one function 

with the s a m e  indices  contr ibutes  t o  the value of any l i nea r  combination of 

the  q 
NP' 



Fur the r ,  the function q remains relatively small  near A i  f j. This Ni Nj' 
i s  illustrated for  N = 1 5  i n  F igure  1.  Note that the secondary maxima of 

'1 5, j 
a r e  substantially lower than the pr imary maximum. This i s  another 

manifestation of the localized property,  

Closely related to the localized property i s  the property that i f  f ( X )  i s  in 

the space spanned by the q ( A ) ,  then 
N j 

Equation (4. 4)  i s  a special  case  of this general  formula.  If f ( X )  i s  not in the 

space spanned by the q ( A ) ,  then the right side of (4. 9)  gives the projection 
N j 

of f ( X )  on the space. 

The relations given in  this section and the procedures  suggested a r e ,  

of course,  equivalent to  numerical  Four i e r  analysis. Thus, nothing e s sen -  

t ially new has been accomplished. However, this formulation i s  useful a s  

a guide to the subsequent t reatment  of the two- and three-dimensional cases .  





5. FUNCTIONS ON A SPHERE 

The usual surface harmonics defined on a sphere have the expressions 

Y (8, A)  = Pnm(8) s in  mA , n = 1 , 2 , .  . . , N; m = 1 ,2 , .  . . , n , 
nnl 

( 5 . 1 )  
where fo r  brevity P (8) a r e  associated Legendre functions m o r e  properly 

nm 
represented by Pnm (COS 8). If the se t  of functions is  truncated a t  n = N, 

there a r e  M = (N + independent functions in the set .  

By analogy to the one-dimensional example, it i s  desired to define 

another se t  of M independent functions Z .(8, X) spanning the same space a s  
J 

the surface harmonics and having localized propert ies  generated by the con- 

dition that 

fo r  M points, Bi,  hi, on the sphere.  F r o m  these requirements  follow 

immediately the relations analogous to  (4 .4) :  

Y (8, A)  = C Y (9 ., 1.) z .(e, A) 
nrn - J J  J 



Since the Z .  span the same space as the X Y the fo rmer  m u s t  
J nrn' nrna 

a l so  be expressible  as  l inear combinations of the la t ter .  Thus, 

n m  
The constants A and  ca can be determined either f rom conditions (5. 2)  

j j 
and equation (5. 4 )  o r  f r o m  inverting equation (5. 3). The two operations a r e  

equivalent. 

One important property of the 2 .  follows direct ly  f rom writing (5. 3) for  
J 

n = m = 0. Since X (8,  X )  = 1, equation (5. 3) gives 
00 

Equations (5 .  3) a r e  implicit definitions of the functions Z. (8 ,  X)  once a 
J 

se t  of points 8 X .  has  been selected on the sphere.  The equations (5. 3) 
' J 

a r e  conceptually simple, but the selection of points seems  to be a m o r e  

profound topic. 

F i r s t ,  the points m u s t  be distributed in such a way that the ma t r ix  cor -  

responding to the coefficients in equation (5. 3) i s  not singular. That is ,  



2 Clearly,  also, i t  i s  desirable  to distribute the M = (N + 1 )  points 

uniformly over the sphere in some sense.  Of course,  there  a r e  but five 

regular polyhedra, and only the tetrahedron has  a number of vertices equal 

to the square  of an  integer. Hence, the distribution m u s t  depart  somehow 

f r o m  ideal regularity. 

Numerical experiments or  general  arguments show further  that a dis-  

tribution that i s  symmetr ica l  with respect  to the equatorial plane and has 

rotational symmetry  about the polar axis yields a ze ro  value for  the d e t e r -  

minant (5.6).  F o r  example, if N = 3, a distribution with one point at  each 

pole and seven uniformly spaced points a t  30°N and 30"s latitude i s  not an 

acceptable a r r a y  of points, even though i t  i s  an attractively uniform dis tr ibu-  

tion of the co r rec t  number of points. 

If one selects  a n  a rb i t r a ry  distribution of points satisfying (5. 6) ,  then 

(5. 3 )  and i t s  inverse by mathematical brute force a r e  virtually the end of the 

s tory,  unless  par t icular  propert ies  of the distribution allow fur ther  con- 

clusions to be reached. The cases  in  which (5. 3 )  must  be inverted numer-  

ically to express  the Z a s  combinations of the X Y can already be 
i nm' nrn 

quite useful, since the inversion need be done only once to obtain a usable  

expression fo r  the Z .. 
1 



6 .  THE FUNCTIONS W (9, A )  
k j 

There  is  at l eas t  one distribution of points on a sphere fo r  which much 

can  be proved about the propert ies  of the Z.(9,  A). This distribution recog- 
J 

nizes that there a r e  some natural requirements  on the point distribution 

suggested by the wavelengths inherent in  the surface harmonics.  Thus, there 

a r e  2N t 1 independent functions of longitude involved in the surface harmon- 

ics ,  and i t  is  natural to  expect that there be 2N + 1 distinct longitudes in the 

point distribution. Similarly,  one might expect (2N t 1) 12 divisions of latitude 

between the poles. 

F i r s t ,  define N t 1 latitude values by the equations 

F igure  2 i l lustrates  the spacing of these points and the indexing convention. 

Next, a t  each of these latitudes, Bk, define Zk t 1 equally spaced points in 

longitude: 

These a r e  a l so  i l lustrated in F igure  2. 

F o r  any positive integer N, equations (6. 1 )  and (6. 2) define (N t 1 )  
2 

points. There a r e  N t 1 latitudes, starting at  the North Pole. The spacing 

in latitude between c i rc les  of points i s  2n/(2N t l ) ,  except that the most  

southerly latitude i s  only half this distance f r o m  the South Pole. This most  

southerly latitude c i rc le  has  three points. Below the single point a t  the North 

Pole,  the next c i rc le  has  five points. The second m o s t  southerly c i rc le  has  



F i g u r e  2 .  Distr ibution of points on the sphe re  fo r  N = 3 .  



seven  points, etc. The latitude c i rc le  nea re s t  the Equator has  the g rea t e s t  

number of points, namely, 2N + 1. Also,  any mer id ian  c i r c l e  has 2N f 1 

uniformly spaced intersect ions  with the latitude c i rc les .  In this sense ,  the 

points a r e  spaced equally in latitude and longitude. F o r  notational brevity, 

th is  dis t r ibut ion of points will somet imes  be r e f e r r ed  to a s  the 1-3-  5 . . . 
distribution.  

An important  proper ty  of this distr ibution i s  that condition (5. 6 )  i s  

satisfied,  and the Z .  a r e  well defined. F o r  this par t icular  point distr ibution,  
J 

the functions Z .(9, X )  will be denoted by W .(9, X) ,  where 
J kJ 

Also, 

and 

Y nrn (9, X)  = Ym(Qk, hkj) Wkj(9, 1) . 

F r o m  (5. 5 )  o r  (6. 5) i t  follows that 



A number of fu r the r  propert ies  of the W can also be proved. Consider 
k j 

initially k # 0 and l e t  9 not be a z e r o  of P (9), whatever the values of 
k nrn 

n and m .  This i s  t rue for the 1-3-5 . . distribution. I t  follows that 

wkj(ek, A) = A- k j  P nrn (cos 9 

m= 0 

k j  nm P (cos 

But equation (6 .  3) requi res  for a fixed k that 

Equations (6.  7) and (6 .  8)  define uniquely a se t  of 2k t 1 functions of X, 

namely, 

The qkj (X)  a r e  identically the functions discussed in Section 4. Thus, fo r  

e a c h l a t i t u d e c i r c l e d e f i n e d b y 9  t h e w  e v a l u a t e d f o r 9 = 9  r e d u c e t o t h e  k ' k j k 

qkj(h). This is  one sense in which the W a r e  natural extensions of the q 
k j kj' 



To i l lustrate  another related property of the W i t  i s  convenient f i r s t  
kj' 

to define a fur ther  se t  of functions closely related to the q 
kj: 

These functions have the propert ies  that 

Conversely, if C (8) i s  a linear combination of functions cos je, point dis- Q 
tribution ( 6 .  11) and conditions (6 .  12) and (6 .  13) imply equations (6. l o ) .  

Thus, the functions CQ a r e  functions of latitude having localized propert ies  

s imi lar  to those of the q kj '  

Now for  a fixed k in equation (6.  4), the sum of the W (8,X) for  the 
k j 

values of j, ( j  = 0,1 , .  . . , Zk), can be shown to yield the resu l t  



and, in particular, 

Equations (6.  14) and (6. 15) a re  another manifestation of the localized proper- 

ties of the Wkj. 



7. EXAMPLES OF W (9, A) 
k j 

The  W .(9,  X )  f o r  any N a r e  implici t ly defined by equations (6 .  5). F o r  k~ 
s m a l l  values  of N i t  i s  poss ible  to wr i t e  explici t  express ions  f o r  the W in  

s imp le  fo rm .  k j 

F o r  N = 1 ,  the functions a r e  

- (1 t 2 cos  9 )  , Woo - 5 

- (1 + 2 cos  e l  co s  9)  t 
2 s i n  8 

Wlj - 5 3 s i n  8 1 'OS (' - 'lj) a 

f o r  j =  0 , 1 , 2  , 

where  

F o r  N = 2, the functions a r e  

1 
Woo = - (1 t 2 cos  8 t 2 cos  29) , 5 

L - (1 + 2 cos  8 cos  9 + 2 cos  29 cos  29)  
Wlj - E 1 1 

2 s i n  B(cos 9 - cos 9) 
2 

+ 

3 s i n  9 ( c o s  9 - cos  9 ) cos (1 - X l j )  , j = O , 1 , 2  , 
1 2 1 



(1 t 2 cos  9  cos  9  t 2 cos 29 cos  29) W2j  = z 2 2 

2  s i n  9  s i n  B(cos 9  - cos  9  ) 
t 2 

2 cos ( A  - 
5 s in  9  ( cos  9  - cos 9  ) '2 j) 

2  2  1  

2  s i n  9  s i n  B(cos 9  - cos  9  ) 
t 1 

2  cos  (1 t 2A ) 
5 s i n  e2 (cos  9  - cos  e l )  2  j  

2  

2  
t 

2 s i n  9  
2  cos  2(A - A Z j )  , j  = 0 , 1 , 2 , 3 , 4  , 

5 s i n  O2 

where  

Numer ica l  examples  f o r  l a r g e r  values  of N a r e  given by Hebb and Ma i r  

(1  96 9) .  



8. FUNCTIONS IN THREE DIMENSIONS 

In th ree  dimensions the functions in which the potential i s  usually expanded 

can be writ ten a s  

where the X and Y a r e  the sur face  harmonics  in equation (5. 1 )  and 
nrn nm 

2 
The re  a r e  M = (N + 1) functions (8.1) in a space that corresponds to 

a maximum value n = N. 

A s  with the one- and two-dimensional cases ,  it i s  again des i r ed  to define 

an  al ternat ive s e t  of functions J j ( r ,  8 ,  X )  that have localized proper t ies  gen- 

e ra ted  by the condition that ~1 

2 
where ( r . ,  8., 1 . )  i s  a point in a selected se t  of ( N  + 1 )  points. It follows 

J J J 
immediately  that  



L e t  the inverse of this be writ ten a s  

Analogously to equations (5.  3 ) ,  equations (8. 4) a r e  an implicit definition 

f o r  the ( r ,  0,  X ) .  Again, the c ruc ia l  question i s  the distribution of points 

B., X.). F o r  the 
( r j '  J 1 

,fj(r, 0,  X) to be well defined, i t  is  necessary  and suf- 

f icient that 

If a l l  the points ( r  8., 1.) a r e  distributed on a sphere of some radius 
jJ J J 

r = r then condition (8. 6 )  reduces immediately to (5.  6 ) ,  and a l l  the 
j  0' 

discussions of Sections 5 ,  6 ,  and 7 a r e  pertinent to the three-dimensional 

case.  In this situation, equations (8.4) become 



Equations (8. 8) have the same f o r m  as  equation (5. 3 ) ,  s o  their  inverse 

can be expressed simply in t e rms  

2 
M n n t l  n t l  

, C a )  X iA,A)tb?(?) y , 
L J nm J nm 

n=O m=O 
I 

where the anrn and bnm a r e  identical to those of Sections 5, 6 ,  and 7 if  the 
j j 

same points on the sphere  a r e  selected. This f o r m  i s  convenient fo r  inves- 
a 

tigating the propert ies  of the . ( r ,  8, A). 4 J 

L e t  r = r t h, s o  that 
0 

n t l  n 

Expanding this in a s e r i e s  gives 



Substitution of (8.  11) into (8. 9) then gives 

nm ( -n ) ( -n  - 1) x 
+ b 

+ (2) (<? [aj 
nrn ( -n ) ( -n  - 1) 

2  n m  j 2 nm I 

But the f i r s t  t e r m  on the right of (8. 12) can be expressed  simply i n  t e r m s  
i7l n 

of the Z . a s  defined in  (5. 4). Define $ Y(r, 9, X )  by 
J 

Then 



Since the jj will be evaluated on the geoid, a value of r can be selected 
0 

such that 

at  the poles, and 

at  the Equator. 

F r o m  the expanded f o r m  of . ( r ,  8, A ) ,  i t  can be seen  that, for  smal l  

values of ( h l r ) ,  the function retains the localized propert ies  imposed by the 
G? n 

factor  Z .  in  the dominant t e r m  " 
f l v  If the 1-3-5 . . distribution is selected, 

J 
then the z . becomes W and s t i l i  more  can be said about the behavior of 

J jk' 
the pj. 

4' 

However, there  may  be advantages in selecting a distribution of points 

not lying on a sphere.  F o r  example, the ellipsoid bes t  approximating 

the geoid might be chosen, and points distributed on it according to  the 

1 - 3-  5 .  . . distribution. In this case,  the t e r m s  on the right of equations (8. 4)  
n t  1 

have different fac tors  ( a / r , )  because the r; a r e  different. Still, f rom 
J J 

genera l  considerations, i t  s eems  that the f i r s t  t e rms  accounting for  displace- 

men t s  of the geoid f r o m  the ellipsoid will be proportional to  ( h / r  ), where R 
r i s  on the reference ellipsoid and h i s  the distance f r o m  the ellipsoid. R 
The maximum value of h for  s e a  level  will be l e s s  than 100 m ,  s o  

- 5 
( h / r R )  10 . 



9. COEFFICIENTS OF IN THE GEOPOTENTIAL 

In spher ical  harmonics ,  the geopotential can be represen ted  by 

where GM is the gravitational constant fo r  the earth.  F o r  objects constrained 

to rotate  with the ear th ,  such a s  the oceans,  the centrifugal potential m u s t  be 

added to this,  namely, 

where w i s  the rotational ra te  of the ear th .  

Substituting p r s  i o n s  for  Xm and into (9. 1 )  gives 
nrn 

If the coefficient L .  i s  defined by 
J 

then 



This i s  a representation of the geopotential that is completely equivalent 

to equation (9 .  1) .  However, each t e r m  in the sum dominates in one local  

region of the geoid, namely, the region around one of the selected grid of 

points. The functions 9 were  defined so as  to produce this situation. 

Determining the coefficients L is  equivalent to determining the coefficients 
j 

C and S since the transformation and i ts  inverse f rom 
nm' nm 

nm$! 
also define the transformations between the coefficients. and 

nm 

In the space around the earth,  the equation of an equipotential surface 

where V is  a constant. The geoid, that is ,  mean sea  level, i s  given by 

There  a r e  severa l  ways that a determination of the geopotential might 

proceed utilizing the localized propert ies  of the 8.j and equation (9. 5 ) .  The 

part icular  procedure employed would depend somewhat upon the knowledge 

of the geopotential existing a t  the t ime the determination process  is  initiated. 

A simplified scenario,  based on assumed conditions that might exist, can 

i l lustrate  the general  character  of the procedures.  

F i r s t ,  it  can be assumed that the coefficients a r e  available for a reason-  

ably accurate  geopotential in spherical  harmonics through 15, 15. P r e s u m -  

ably this  geopotential representat ion would be the product of orbital  analyses 

of many satell i tes,  perhaps including al t imeter  data as  outlined in  Section 3 

and in  Lundquist (1 967a). 



Second, i t  will be assumed that an  al t imeter-  bearing satell i te has  been 

flown and has produced altitude data sufficient for  a substantial improve- 

ment  in the ocean geoid beyond the profile given by the 15, 15 solution. The 

accuracy of the altitudes should be in the few-meter range as  discussed in  

Section 1. 

Third,  l a s e r  tracking of the satell i te to  m e t e r  accuracy will be assumed 

f r o m  a network of severa l  ground stations. 

Fourth,  i t  will be assumed that the knowledge of the geopotential 

(including coefficients for  re  sonant harmonics)  together with ground- station 

tracking data  allows an orbit  for  the satel l i te  to be determined with m e t e r  

accuracy in the vicinity of the tracking stations. However, the orbit  based 

on ground-station tracking may  not be expected to maintain m e t e r  accuracy 

over the long s t re tches  of ocean between ground stations. 

This l a s t  assumption leads to the fifth assumption, namely, that the 

altitude data  themselves mus t  be used to help generate the orbit  to m e t e r  

accuracy over the oceans. At the same time, the altitudes will be used to 

define the ocean geoid. An improvement of the geopotential probably will not 

be required fo r  orb i t  determination, but if i t  is  required, the determination 

can be done a s  a separa te  s tep in the chain of calculations. 

Given these assumptions, the procedure to be followed i s  broadly a 

differential improvement calculation. The steps of the process  might go 

a s  follows: 

F r o m  the ground-station tracking, initial orbital  elements and a cor-  

responding initial orbit  would be generated. F r o m  this orbit, a position 
2 

r ( t  ) of the satell i te can be calculated for  the t ime t of each altitude 
a a 

measurement .  

F r o m  the position of the satell i te and f r o m  the ocean geoid corresponding 
2 

to  the initial geopotential, the point S on the ocean to which the altitude has 

been measured  can be calculated. This calculation, of course,  depends upon 



the charac ter i s t ics  of the al t imeter .  The calculation might be quite different 

fo r  a broad-beam radio al t imeter  than f o r  a narrow-beam l a s e r  a l t imeter .  

The calculated o r  expected value of the altitude i s  then the magnitude h of the 

vector 

-1 

The position r ( t  ) i s  t o  be considered a s  a function of the orbital  elements 
a 

Ek, although this dependency has  not been explicitly indicated in equation 
-+ 

(9.  8). The transformations 2 and g 3  c a r r y  the earth-fixed vector S into 
.A 

the space-fixed sys t em in which r is  expressed ( see  Gaposchkin, 1966 b, or 

Lundquist, 1967a). 

Formally expressing the differential of h gives 

Because of the fifth assumption, i t  could be possible to neglect the l a s t  te rm,  

involving the dependence of h on the coefficients L through the dependence of 
j 

r .  on the L . .  
1 J 

If dh is  identified with the difference between the calculated and the ob- 

served  altitudes, the equation ( 9 .  9)  leads to an  observation equation f o r  cor -  

rections 6E to the orbital  elements and for correct ions 6V0  and 6Li  to the 
k 

paramete r s  specifying the geoid. The observation equation derived f rom 

equation (9 .  9 )  mus t  a l so  provide for  e r r o r s  6h in the observations of h. In 

conventional format ,  f o r  each measurement  h. a t  some time t an observation 
1 i' 

equation is  writ ten ( s e e  Kaula, 1966, p. 72) :  



hi(observed a t  t . )  - h.(calculated for  t . )  = q i j 6 F j  - 6hi , (9. 10) 1 1 1 

w h e r e 6 F .  a r e  the c o r r e c t i o n s 6 E  BVo, 6 L . ;  and qij a r e  the partial  
J j a J 

derivatives with respec t  to  F . f r o m  equation (9.  9 )  evaluated a t  t ime t..  
J 1 

The next s tep i n  utilizing al t imetry data  i s  a solution for the 6 F .  f r o m  
J 

equations (9. 10) and s imi lar  observation equations f r o m  ground-station 

tracking. The la t te r  equations, by the assumptions above, will involve only 

the 6E. .  Each  of the equations (9.  10) will have a t e r m  in  6V However, 
J 0' 

the occurrences of t e r m s  in 6L .  a r e  strongly limited by the localized proper-  
J 

t i e s  of the 

To i l lustrate  this  situation, a simplified procedure can be considered. The 
L 

surface of the reference sur face  can be divided into M =  (N t 1)  a r e a s  centered 
a) 

on the points in the selected se t  f rom which the %1 were  derived. F o r  the 

region around point ( r  b , X ), the t e r m  L 
k' k k ?,"dominates the sum in 

equation (9. 7 ) .  Each  line f r o m  the satell i te &rough the subaltimeter point 
4 

S. ,  fo r  an observation a t  t ime t intersects  one of the M regions, noted f o r  
1 

'k i' 
example by an index k, . 'i 

This suggests that a vector ??k be defined by 

1 a 

where Eka O i s  the point with arguments 9 X on the surface defined by (9 .  7 )  
0 0 k' k 

--k, 0 
with the initial values V and L .  in the geopotential, and Si 0 is  the subaltim- 

J -k 
e t e r  point calculated with the initial VO and L O .  The vector T. is  a chord o j I 

connecting two points on the geoid. 

'k 
It i s  reasonable to expect that T. will be essentially unaffected by sma l l  

1 

changes in V and the L since both t e rms  on the right of (9. 11) respond o j a -k . 
s imi lar ly  to these changes. Thus, S. wlll be assumed to have a sat isfactory 

1 

representation a s  



This a s s e r t s  that the dependence of zk on sma l l  changes in V and. the L .  
1 

"k 
0 J 

a r i s e s  lnainly through the dependence of G on Vo and the L . .  But by the 
J 

localized properties of the only changes in the single coefficient L con- 
k 

tr ibute significantly to 

The resul t  of equation (9. 13) i s  a substantial simplification of equations 

(9. 10) through a simplification of the form of qij. To il lustrate this, con- 

s ider  the submatrix of qij, which concerns correct ions BL.. This sub- 
J 

m a t r i x  has M columns corresponding to the M independent coefficients L 
j '  

There  will be a s  many rows as  there a r e  altitude measurements .  

The altitudes can be collected into M se t s  corresponding to the regions 
-1 

into which the corresponding S:  fall.  The observation equations can be 

grouped in the same way, so  t i a t  vij f i r s t  has  some number of rows cor -  

responding to altitudes to the f i r s t  region, then some other number of rows 

corresponding to the second region, etc. 

Consider next the submatr ix of qij corresponding to a region identified 

by index k. By equation (9 .13 ) ,  this submatrix has nonzero entr ies  only in  the 

kt& column, where the entry in the row for  the ith - observation i s  



Note that he re  the subscript  P denotes the component of the vector, not the 

par t icular  observation. The la t ter  i s  explicitly indicated by the observation 

t ime at  which the expression is evaluated. 

The solution of the observation equations proceeds with formation of the 

normal  equations. However, the f o r m  of Vij in those columns that concern 

the 6L .  i s  just that for  which the solution of the normal equations i s  greatly 
J 

simplified. Kaula d iscusses  this in detail, and his development will not be 

repeated here .  (See Kaula, 1966, beginning on page 104. The ma t r ix  

has  the f o r m  required in Kaula's  equation 5 . 6  1 on page 105. ) 

In broad t e rms ,  when solving for  the 6F., there  would be finally a la rges t  
J 

submatr ix to invert  having the dimension of the number of orbital  elements 

plus one for  V This is  a vas t  simplification compared with inverting a 
0' 

m a t r i x  of this dimension plus M, particularly when M i s  very  large.  

As a final step, the 6 F .  a r e  added to their  respective F resulting in an 
J j' 

improvement to both orbital  elements and to  the geopotential coefficients. If 

necessary ,  the whole process  can be iterated, beginning again with the im- 

proved elements and geopotential. 

An additional feature of the procedure deserves mention. There  will, of 

course,  be no altitude observation equations for  regions corresponding to  land 

m a s s e s .  Hence, the coefficients L i  f o r  these regions will maintain their  

init ial  values,  which presumably ref lect  the best information available from 

other arguments.  

The scenario fo r  a geopotential solution offered in this section has been 

drast ical ly  simplified and depends upon assumptions that may o r  may not 

prevai l  when an al t imeter  satellite is flown. In a more  real is t ic  treatment,  

m o s t  of the assumptions and approximations could be relaxed without essen-  

t ia l  effect on the general features  of the procedures.  Thus, it s eems  likely that: 

u se  of functions $ j ( r ,  8 ,  h )  can significantly facilitate an  improvement of the 



geopotential based on altitude observations.  This allows the final conclusion 

that satell i te-  to- ocean altitudes promise  substantial geopotential information 

i n  a f o r m  that can  be analyzed without undue difficulty. 
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NUMERICAL DEFINITION O F  LOCALIZED FUNCTIONS 
ON A SPHERE 

K. Hebb and S. G. M a i r  

1. INTRODUCTION 

nrn 
A s  s ta ted i n  the preceding paper ,  the constants A and B~~ of the 

j j 
exp re s s ion  

can  be de te rmined  e i t he r  f r o m  invers ion  of the equations 

x (e, X)  = t x ( 6 ,  X. )Z  . (e ,  X )  
nm n m J J J  

Y (0, A) =L Y (0 h.)Z.(B, A )  
rim n m  j' J J 

o r  f r o m  equation (5. 4)  and the conditions 

Z . ( O i ,  Xi) = 6ij , i, j = 1 , 2 ,  . . . M, w h e r e  6 - ( ~ s = T  
J S T -  \ O S # T *  

( 5 . 2 )  

F o r  numer i ca l  evaluation of the constants,  the  l a t t e r  method was  used,  

and although involved, it provided a convenient way to  introduce a s e r i e s  of 
n m  

checks that  would a t t e s t  to the validity of the coefficients A and B ~ ~ .  
j  j 

.I, -8% 

The  equations and number s  cor respond  to  those  i n  Lundquist  and Giacaglia,  
th is  r epo r t .  



2. METHOD 

The  p rocedu re s  had the following s teps :  

2  1)  Define ( N  t 1 )  points on a  sphe re  with sphe r i ca l  coordinates  

( B k ,  X k j )  , 

whe r e  

with the value of [ P / 2 ]  represen t ing  the  g r ea t e s t  in teger  contained i n  P / 2 ,  and 

that  i s ,  

i n  
' i =  2 N +  1  

, i  even  

i .rr 9 . z ~  - 
2 N t 1  ' i  odd . 

1 

Also,  

2  
T h e r e  a r e  (N + 1)  d i f ferent  p a i r s  (9 X : ) .  k' k, 



2 
2 )  Define the (N t 1 ) functions W .(€I ,  A). The coefficients  that  a r e  

k J 
computed a r e  the A ' s  and the B ' s  of the  exp re s s ion  

w ( e , ~ )  = 
k j C A ~ ~ P  no ( 9 ) t X  (AT cos m i  t 

t B- s i n  m i )  Pnm(0)  
k j 

, k = 0 , 1 , 2 ,  . . . ,  N 

j =  0 , 1 , 2 ,  . . . ,  2k , 

w h e r e  the Pnm a r e  a s  socia ted Legendre  polynomials. T h e  above express ion  

i s  analogous to equations (5 .4)  and (6 .  4 ) .  

3 )  Cons ider  the ( N  t 1 )L conditions: 

F o r  any given pa i r  of va lues  (k, j) t h e r e  a r e  ( N  t coefficients  
nm 

~ - ( n =  0 , 1 , 2 ,  . . . ,  N ; m =  0 ,1 ,2 ,  . . . ,  n) a n d B  ( n =  0 , 1 , 2 ,  . . ,  N; 
k j k j 

m = 0, 1 , 2 ,  . . . , n),  s ince  t h e r e  a r e  

To ta l  : (N t 1)2 coefficients  . 



2 
T h e r e  a r e  a l s o  ( N  + 1) conditions fo r  e v e r y  pair  (k, j) ,  s o  we c a n  solve  

2 nrn 
equation ( 2 )  fo r  eve ry  such pa i r  to find a l l  (N + 1 )  coefficients A . and 

k~ 
B- f o r  each condition. 
k j 



3. CHECKS 

The foilowing se r i e s  of checks was written into the program: 

1) The values 

a E ( 8 )  = x A~ kj  P nrn (8) 

m 
FJ (8)  kj  nrn 

for  all  8 a s  defined above. 

2) The summations 



0 1  
3 )  ( a )  a (Ok)=------ 

k  j  2 k t  1 

m a . (9 ) = ---- cos m~ 
k j  lc 2 k t  1 kj ' m =  1 , 2 ,  . . . ,  k 

k  = 0 , 1 ,  . . . ,  N  
m 2  

b .(el<) = - 
kJ 2 k t  1 

s i n  mX 
k j  ' j  = O , l ,  . . . ,  2 k  . 

m rn 
(b)  a .(el<) = bk.(O ) = 0  , m =  k t 1 ,  . . . , N  . 

k  J J k  

0 
(c)  alzj(Os) = 0  , s f lz . 

m 
(d)  a ( O s )  = 0  , s > k  . 

k j 

( e )  bm(@ ) = o . 
kJ s 

m m1 
4 )  ( a )  A . = B = 0  , f o r m >  k , k =  0 , 1 ,  . . . ,  N  . 

k ~  k j  

nm 
(b )  F o r  any N, k ,  Bko = 0  . 

m nrn = A  . , j =  1 , 2 ,  . . . ,  k  . 
(') *k, 2 k + l  - j  k j  



4. OUTPUT 

The following printout l i s t s  the A and B coefficients of the express ion  

N N n 

W .(e,  h) = A:; Pno(e) t (A:? cos  m h  t 
k J 

where  the P a r e  the  Legendre  polynomials, f o r  the c a s e s  N = 4, 5, and 9. 
nm 

The lengthy s e r i e s  of checks  ha s  been omitted to save  space.  

E a c h  solution cons i s t s  of the coefficients in  the following o r d e r  

(cons ider  N = 4): 



SOLUTION 
3.4529675128E-02 -9.4769277153E-02 1.3171692109E'Ol "1.1851851952E-01 4.7041199453E-02 

-2.50096388Y9E-02 3 . 5 6 9 5 2 0 6 5 1 5 ~ - 0 2  -6*8426698571E'02 be6695974807E-02 0. 
0.  0 .  0. ! I .  0. 

-9.3317965252E-02 ba1825911271E-02 -1.1851851852E"Ol 1 . 1 5 5 2 0 8 1 7 0 3 ~ - 0 1  0. 
r l .  0. 0. '1 . 0. 

SOLUTION 
4.48h7862118E-02 9 . 4 7 5 9 5 0 6 0 5 5 ~ - 0 2  814221083205E-02 -7.1111111111E-02 -1.5273734n27E-01 
7.7'333425113E-02 . 1 . 1 3 ~ 5 1 7 7 0 4 9 E - 0 1  6e6938346912E102 4.2585824342E-02 2.4109420606F-02 
2 .80t13971103~-02  2 . 4 5 8 6 9 3 7 1 4 8 ~ - 0 2  O *  0. 
0 .  0. 0. 0. 
0 1 0. 0. . 0. 





S O L U T I O N  
3.6005971115E-02 2.7868139894E-02 -9.691Y114257E-02 -3 .3905850081~-02 6 .6956853328~ -02  
Ye49Y0165331E-02 3 .7251754488~-02 -2.8651Y73775E'UZ -1.8149147798E-02 1.4189077673E-02 

8.9978398907E-03 4 ,4301450956~ -03  -2e4523416396E'03 "4 .3626412771~-07 -2.11435626886-03 

7.3758413659:-02 2 .9638032419~-02 -3.37062475306-02 -1.0663374212F-07 5,0343554715E-02 

1.5942660814E-02 -5 .5930147632~-03 le11728941b2E-02 1.8593336982E-03 706056274649E-04 



SULUTION 
3.7566257044E-02 2.3585818409E-02 -9.0967246542E-02 -3.9261326063E-02 6.9071495i52~-02 
-1eOb77275254E-01 -3.7453035737E-02 4.73472Q9900E-02 2.1016295344E-07 3.8210970649E-02 
1.1295318550E-02 -5.3187596133F-03 -6.36693~2384E-03 -1.14238080356-03 3.9f171724615E-04 

-3.5542994978E-02 5.3315627259E-03 1.085504?8~5€-0> 2.5260605530E-O? 2.06474319RSE-02 
-3.8193b033006-03 -1.6104444165E-02 -6.50766794396'03 -5.6973289898E-03 2.2158676147E-03 

SOLUTION 
3.6005971115E-02 2.7868139893E-02 -9.6919114257E-02 -3.3905850081~-02 6.6950853328E-02 
Y.4980165331E-02 3.7251754488E-02 -2e865197377SE-02 -le8149147798E-n2 1.418~077673E-02 
8.9978398907E-03 4.4301450956F-03 -2.4523476396E-03 -4.3628412371~-03 -2.li415626.88~-03 

-7.3738413659E-02 -2.9b38032419F-02 3.3706247530E-02 1.0663374212E-02 -5,0343554715E-02 
=1,59!+2650814~=02 5.593~]476)2E-U3 -1,1!728'441b2€-02 -!,8593336982E-03 -7ab956274649E-04 

EN0 OF RUN 
57 



501 I T T O N  
7.3259129RR2E-0? 

-3 .5n48194Rq9E-n? 
a . 7 5 0 6 2 1 9 9 6 0 E - 0 2  
0 .  
0 .  

0. 
n .  
n. 



S O L U T I O N  
7.946R05177RE-02 7 .736097C316F-02  7 . 6 5 6 9 3 2 ~ 3 1 5 E - 0 7  4 .5467556507F-02  - f l .70R7972970E-0? 

- i , 41?774q704E-O1  1 . 3 2 5 5 7 1 ~ 1 6 2 F - 0 2  7 . 4 0 5 3 7 7 1 6 0 2 ~ - 0 2  1 .7533215741F-07  7.77Rh757Q46F-02 
-1 .8744A?2963E-07 -Q.31AO'302@91E-03 -1 .1233397577F-07  -1 .3847465673F-O? -1 .1217734400E-02  
0. 0 .  n. n. n .  
0 .  - 4 . 4 9 9 3 5 0 0 2 8 9 ~ - 0 2  -6 .63693175?9F-07  - 6 . 3 7 1 9 4 8 6 6 5 7 ~ - 0 7  -5 .70hhnA2960F-02 

-1 .07364211R7E-02  -6.7699PRR7AUE-07 - 9 . 1 6 1 5 3 7 4 0 & 7 € - 0 7  -9 .714230 lAf l9F -07  - R . l 5 0 1 6 1 1 0 9 7 E - 0 7  
0.  n .  0 .  n. 0 .  
n. 

5 0 1  UT I O N  
7 .9645Q03370E-42  
L .70326392R4E-02  

-5.4451512'ih7E-02 
4.18224Q645AE-03 
0.  
0 .  
0 .  
n. 



S O L U T I O N  
303667152492E-02 -6e8747945118.5-02 3e6116026922E-02 4e1589799235E-02 -8.3598223253.5-02 
4.0973189722E-02 4.4842554332E-02 -4.8430833590E-02 301833692744E-02 3.43562717976-03 

-1.91972697R9E-02 -2.8767749362E-03 7.0545359600E-03 -?02201044325€-05 3.3554067105E-03 
-3.76807672R7E-03 21e275626812E-03 -2.3007940698E-03 0. 0. 
P a  5e8075672879E-02 -6.4105611092E-02 404013617935E-02 -3.19086148OOE-03 

-1 .68192069 i~E-02 2.2679025096E-02 -1.8761733971E-02 1.3988707914F-02 -2.5717202801E-03 
lm8146101142E-03 -1.3616824203E-03 1.1080040271E-03 0. 0. 
0. 

S O L U T I O N  
3.0442361044E-02 
4.58324909R4E-02 
2.0363574478E-02 
2.6075900030E-03 
fl. 

-4.22970611?5E-02 
-3e2698144406E-03 

0. 

S O L U T I O N  
3~0442361044E-02  -5e9567F51797E-02 
4.58324909R4E-02 -1e2567337254E-02 
2.0363574478E-02 -2.1470283068E-02 
4.6075900030E-03 -1.9567440878E-03 
0. -6e699550456OE-02 
4.229706112SE-02 1.1446979383E-02 
3.2698144406E-03 -2.4536669374E-03 
0. 





SOLUTION 
?.93759932iQE-02 3.5271827858E-02 -3.1019519886E-02 -9.2101775671F-02 -1e0629416764E-02 
6*9102891?44E-02 -106318328340E-02 -5e2611372448F-02 9,4719969209F-04 3.638489P817E-02 
1.3337722670E-02 2.437070R693E-02 1.5003302914E-02 2.7751766810F-03 -3.3090276509F-03 

-3.1211392967E-03 -2e0632134699E-03 -3.7238040522E-04 1.36972000RPF-04 1.069397357RE-02 
0 1.9558203604E-02 1.4157911215F-02 -1.3651808525E-02 -1.1621451519~-05 

-1e4784483653E-02 -1e5534593763E-02 -6.6641742474E-03 404477904214E-03 Re6934366424E-07 
7.2371077521E-03 2.1995071865E-03 1.7630764894E-03 -7.7680681806E-04 -6.0648537932E-04 
0. 

SOLUTION 
2.9573126758E-02 3.4110649065E-02 -3.0192364063E-02 -9.3048236048E-02 -9.R49034R002E-03 
6.8805839088E-02 -306594274590E-02 -2e401602898OE-02 6.6224629327F-03 2.1013204406E-02 
1.0224188?69E-02 -1.7835070265E-02 -1.2117269507F-02 -4.4699318597E-03 -1.6150442320E-04 
6.0247719679E-03 4e2896437906E-03 6~1195089438F-04 -3~9439515768F-04 -3.0792069694E-04 
0 0  -7.2850794797E-02 -5.737709RR?6E-02 -1.3838788684F-03 2.2343077797E-02 
1.7482373247E-62 2.6511415369E-02 1.5707634056E-02 1.703385157RF-03 -4.99299863RRE-03 
1.2335413707E-03 -9*2564@75838E-04 7.5320246239F-04 -6.8311245135F-04 -5.337342QlROF-04 
0. 





SOLUTION 
?.546?203579E-02 -9+4476@06980E-03 -he2876964W99F-02 4c1361952057F-02 4.0419752860F-02 

-4.4919260960E-02 -7.1850P52077E-02 1.6960213499E-02 4e16330132RYE-02 -1.9330707951E-02 
-1.5720593459E-02 2.6059163068E-02 -6.7638947636F-03 -7.3133133R7RF-03 7.34fi8501587E-03 
-5.2201783044E-03 1043R9228923E-03 5.3510194504E-04 6,1836433826E-04 -1,0229027R67E-04 
-2.8R18501751E-05 2.8032681806E-02 -2.9709039929E-03 -4.9323703292F-04 R.1241323ROlE-04 

1.54561493?2E-02 -1 .6081147001~-02 -3e2932059732E-03 214536427995F-03 -6.1736138072E-03 
2.9828238400E-03 6.2179668892E-04 -2.4747363572E-03 -8e0349725563F-04 6.53R0751174E-04 
2.0043708233E-04 

SOLUTION 
2.5462203579F-02 

-4.4919260900E-02 
-1.57205q3459E-02 
-5.2201783044E-03 
-j .8R18501751E-o5 
-1.5456149302F-02 
-2.982823860OE-03 
-?.0043708?33E-04 

SOLUTION 
204385589976E-02 -1~0357404678E-02 -6.6234024833E-02 4.192292676nF-02 5.11797510RlE-02 

-4 .0896837805~-02 -4e9634673599E-02 1 1916956056F-02 7.7276527620F-02 -1.1959418743E-02 
-1.2235550238E-02 -5.1409072046E-03 3.3169405538F-03 le3726426874F-03 7.0229855774E-04 

7r2674481590E-03 -?.2697964525E-03 -7.4458417347E-04 -1.464927905RF-03 2.0762560807E-04 
Re4120801631E-05 -5.5026807254E-02 2.0744232158F-02 7.3742615354E-02 -5.3234604725E-03 

-1.76805615?4E-02 3.4832557137E-02 -8.725019R115E-03 -5eO2587834R5E-03 4.020583R076F-03 
-4.9879978035E-03 1.6969557840E-03 2.7589359750E-05 6.244351960RF-06 4.0166906887E-04 

1.R419R86197E-04 

SOLUTION 
2.6764276R96E-02 -9.5017628651E-03 -5.8479864723E-02 3.934521004RE-07 5.0959116874E-02 

-4.9086976229E-02 -1.3243385138E-02 4.5163735654E-03 le1073747997E-03 3.3110803569E-03 
-9.4477100649E-03 -206439441884E-02 5.2907891425E-03 le0475132926E-02 -2.R530916294E-03 

1.9630967436E-03 9.9015904097E-05 -1.1627538047E-03 1.4073472697E-03 -R.605205R309E-05 
-1.3260813445E-04 -7e7362R74971E-02 1.7725892158E-02 3~7160113173F-02 -1e5814523R93E-02 
-?.2589040695E-02 4.1530303107E-03 -1.5061357219E-03 -6.4043803352F-03 -6.5753247444E-04 

6.0394367172E-03 -1.0895216206E-03 -3.4831069907E-03 -1.0461132533F-03 -5.53022998AOE-05 
-1.53037945?8€-04 

SOLUTION 
7.3941083643E-02 -1.2126655998E-02 -6.7213167flROE-02 4.0538769510F-02 5.3254457874E-02 

-3.83944879~0E-02 3.3250215882E-02 -3 .090429 j107~-03 -1e528482901RE-02 1.2631458097E-02 
6.095195399RE-03 -2.5281692667E-02 4.9457727747E-03 9r4207967722F-04 -4.1410772765E-03 

-7.1469608125E-03 1.7319100745E-03 1.0902853077E-03 -5.4708097393F-04 -2 .2669177941~ -0 i  
1.70352344R6E-04 -6e7602347082E-02 1.5380046367E-02 4e0552212066E-02 -2.0032R76706E-02 

-1.3151459417E-02 -2*1589901080E-02 3e0514537790E-03 7.1237057907E-03 -3e2935630628E-03 
3.2874736234E-fi3 -1e4006745132E-03 4.0579952290E-04 1.5586504604E-03 -1e7716731193E-0a 
1.0947880441E-04 



S O L U T I O N  
5.8479532164L-03 
6.9095816464E-02 
0. 
0 .  
0 .  
0 .  
0 .  
0 .  
0 .  
0 .  
0 .  
0. 
0 .  
0 .  
0. 
0. 
U .  
0 .  
0 .  
0 .  

S O L U T I O N  
7.9013707748E-03 

-6.4096236617L-02 
4.9612012901L-03 

-2 .3300277199k -02  
0. 
0 .  
0. 
0 .  
0 .  
0 .  
0 .  
0 .  
0. 
0 .  
0. 
0 .  
0 .  
0 .  
0 .  
0 .  



SOLUTION 
7.9013707748E-03 

-6.+096236617€-02 
-2 .4006006447 t -03  

1 .1650138539 t -02  
0. 
0. 
0. 
0. 
0. 
0. 
0. 

-4 .2965263511E-03 
2.0178631969E-02 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

SOLUTIUN 
1 . 0 j 5 8 9 2 1 1 5 1 t - 0 2  
3.5817L30338k-02 
1.0-44b27737k-02 
2.13951b4944E-02 
1 . ~ ~ 5 9 8 * 8 3 8 2 t - 0 3  
3 . + + 5 ~ 1  l Z L 7 8 t - 0 3  
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0 .  
0. 
0. 
0. 
0. 
0. 

SOLUTIUN 
1 .0358921151 t -02  
3 .5817230338 t -02  



SOLUTION 
1.0358921151E-02 
3.5817230338E-02 

-8e1714127314E-03  
-1.8617655681E-02 

SOLUTION 
1.0358921151E-02 
3.5817230338E-02 

-8.1714127316E-03 
-1.8617655681k-02 

5.9516204590E-04 
l .Ob48469846E-03 
0. 
0. 
0. 
0. 
0. 

-6.229848215oE-03 
-1.2150588340E-02 

1.8317204306E-03 
3.2 1 7 2 6 2 0 3 4 1 t - 0 3  
0. 
0. 
0. 
0. 
0. 

SOLUTION 
1.0358921151E-02 
3.5817230338k-02 
2 .9489988631 t -03  
7.9200632085E-03 

-1.5581544650E-03 



SOLUTION 
1.0786412677t-02 
2.1061273LOOE-02 
1.5280044298L-02 

-6.7105012452E-03 
-4.17043442blE-03 
1.2531360334E-03 

-3.8867892726E-04 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

SOLUTION 
1.1066645803t-02 
1.8788010848t-02 

-2.9377090269t-03 
-6.7853138338t-04 
3.43941249+Mk-03 

-1.698027251Ut-03 
-2.4233734735k-04 

U. 
0. 
0. 
0. 
1.5331342553k-02 

-8.5d24182327E-03 
1.5558719221k-03 

-9.9747028773k-04 
j.oj~n142191t-04 
il. 
0. 
0. 
0. 



SOLUTION 
1.1696323920E-02 
1e3680036710E-02 

-1e4875521420E-02 
1.1252854173E-02 

-2.4237360545t-03 
1.0970835519€-03 
8.6489197904k-05 
0. 
0. 
0. 

SOLUT 1 ON 
1.16963~3920E-02 
1.3680036710t-02 

-1.48755214LOt-02 
1.1252854173L-02 

-2.4237360545L-03 
1.0970835519t-03 
8.6489197903t-05 
0. 
0. 
0. 
0. 

-6.3662897435E-03 
1.6741766265t-03 

-3.30085899YMt-03 
9.0766967040k-04 
3.7893393507t-04 
i). 

0 .  
0 .  
0 .  

SOLUTION 
1.1066645603t-02 
1.8788010848E-02 

-2e9377090270t-03 
-6.7853138337E-04 
3.4394124948t-03 

-1e6980272510t-03 



SOLUT IUN 
l.LLOlL86563t-02 
9.5837594Y43t-03 
l.Ul73L08298t-OL 

-1eL190721669t-03 
1.Ub95407728t-03 

-L.5624317587t-U5 
3.5Ulh7613U7t-04 
0. 
0. 
0. 
0. 

-1.3212327813t-02 
1.1191817467t-02 
3.1119190Y 16t-03 

-1.1475437689k-03 
l.hMb4146628t-04 
U. 
0. 
0. 
0. 

SULUT IUN 
1.1528735653t-UL 

-5eLUOY843859t-02 
1.131Lb17YLlt-UL 

-L.43244360bbt-U3 
I.jL29836bt5t-03 
3.35554841bYjk-U4 

-Led I20b lU4Ubt-04 - 1.3816L43238t-U5 
0. 
0. 

4.3045552713E-03 
3.1805224742E-U2 
1.4639830313E-02 

-6.8550903987E-03 
1.3402470048E-03 
7.4225216333E-04 
1.0634067136E-04 
3.4045795Ui5E-05 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
L). 
0. 
0. 
0. 
0. 



SOLUTION 
1.1309315949t-02 

-5.0229902421k-02 
2.1435297694t-03 

-4.3865027707t-03 
-5.2658745064t-03 

1.5 t l 5 6 6 3 0 1  I t - 0 3  
-3.4179068151t-04 

b.UI7559358Yt-05 
0. 
0. 

50LlJT IUN 
1.1457184565t-02 

-5.14294185bl t -02 
-9.15694205YLt-03 

5.00868 11836t-U3 
-3.45545911L5t-03 
- j . j 309317L8Mt-04  

6.1425013L44t-04 
-3.YL76ULY255t-05 

U. 
0. 
0. 
1.Y188UO5YbOk-02 

-L.ML666118Y4t-03 
-5. I 0 8 6 0  18655t -03  

YeY113 1568LMt-04 
5.81 I58UYYYSt-05 
6.8029463M30t-05 
U. 

0. 
0. 

5ULUT ION 
1.1385519613t-OL 

-5.U848069595t-LJL 
-1.YY50Y37525t-OL 

6.3L48L6933Lt-03 



W L U T  IUN 
1.13UY315Y4Yt-UL 

-2.ULLYYUL4Llt-UL 
L. 1435LY lbY3k-U3 

-r.3bbbu~ I 1u6t-uj 
-2eLb58145064t-U3 
1.3 115b63Ul lk-03 

-3.41 IYUb8151t-U4 
beU1755Y358Yt-U5 
U. 
U. 
u. 

-1.9 18611Y5UYt-UL 
YeL3bML l3bUlk-U3 

-le558Y>4 /bLYk-U3 
l.LllY3Ub35lL-U3 
2.4004lYML*nt-U4 
>.U4Y3318jdbL-U5 
U. 
U. 
U. 

2.4 124u54057t-OL 
-3.1858Y98650t-UZ 
2.7699~42711L-03 

-5.u4u4UtJ4813t-03 
-3.4163 /9834Yk-U3 
-3.4 162 1U5401t-04 
-1.4830L54828E-04 
4.3243bUL922t-05 
U. 
0. 
u. 

-2.39544 17094t-OL 
1.4252U56224t-OL 

-/.646146612Ut-04 
be4542384262t-04 
L. IYU 142214tjt-04 
3.6L85bY126Zt-05 
U. 
U. 
U. 



SULUT I O N  
l.UYY1557 1Mbt-02 
4 .30312u94u0 t -02  
LeU134811L  1 I t - U L  
1 .L474271546 t -02  

- 3 . ~ 3 3 5 0 8 5 5 5  I t - 0 3  
-4 .3L11355441 t -U4  
-6.L287YU120bk-U5 

1 .U875659556 t -04  
-1.4 I Y 6 2 1 2 9 L 5 t - 0 3  

0 .  





S U L U T  IUN 
l.UY95Y3ZL63t-UZ 
4.1878YL6531t-02 

-L.jL4731U88Yk-U2 
-1e28YZY4 15L It-UZ 
-b.15605Y6111t-U3 
-I .37UYjY55Y 1t-U3 
3.4139531215t-04 

-5.4540614 114t-05 
-L.IY46181U~Yt-Ub 
U. 
u. 
1.6177615446t-U3 
3.453355U833t-Uj 
L.bY28426505k-U3 
M.bZ4YY 151jbt-U4 

-1.2447UZ 114nt-U4 
1.44468Y5lllt-04 
1.2L63YU4181k-U> 
U. 
0. 

S V L U T  ION 
1.U65u5UYuIut-UL 
4.~553 11 1384k-UL 

-1.581 I6YLY58t-UL 
-I.ULlU5YBUU4t-UL 
1.446915431Yt-03 
1.461LYL5/5Ut-U4 

-5.U4UU45 136bk-U4 
1.L43U5L5 /4yt-U4 
6.4U605Y4UlYt-U6 
U. 
u. 

-1.ML3195194/t-UL 
-1.U>U3266683t-UL - l.Ul764Y483Yk-U3 
-l.lUlY343155t-U3 
L.88 I~l55UY4t-u4 
5.6348Y13Y45t-U5 
1.402 731344jt-05 
U. 
U. 





N= 9 K =  6 

SULUT I UN 
l.UY535l04lLt-OL 
b.lb813YU7Yjt-04 
L.LlY1572 154t-02 

-8.86133b2301t-03 
3.548781155Lt-03 

-8.8 166551162t-05 
1.4L61875432t-04 

-1. I84052UY ILt-05 
-2.6U35L63176k-fJ5 
-1.802YY 13ZbLt-06 
U. 
I.LL408552l5t-02 

-3.3152YY70 1ut-03 
5.1330036051t-U3 

-L.336234Y065t-04 
6.L 11353 1038t-05 
1. fblZY71521t-04 

. 1. 1513U01Y2Yt-U5 
4.443YbY2$Ult-U/ 
0. 

S O L U T I O N  
1.03475 15LZ3t-02 

-1.81182~5089t-03 
1.359931YYMBt-02 

-5e7253412436t-03 
-Le3b09Y040L2t-U3 
-3.5 102UYZOL6t-04 
-L.25738085Z4t-U4 
-1eLYY71803UYt-04 
1.8 144U59234t-06 
1.6442338 /but-06 
U. 
L.18204135bYk-02 

-1.YL44633480t-03 
6.4428Y44Mblt-03 

-8.L 117037Yljk.-05 - Ie4Y408 15068t-05 
-1 e 4 3  1326 11U9t-04 
-La5679 126284t-05 
-8e6L971005b5t-U1 
U. 



5OLUT IUN 
I.U502213 lYLt-UL 

-3.b136ULLUU4t-U3 
3.L89Lllb44Yt-03 
1.8Lb88L928Yt-U3 - 1.336387448Yt-03 

-4.UY03Y4 144ut-04 
l.YY54581688t-U+ 
l.LlU113 1>1Yt-U4 
I.LL57YbLY8lt-O> 

-1.389Y5L3bILt-Ub 

5OLUT IUN 
I.Ul317llb80t-UL 

-L.Y355Y53Y40t-U3 
-1.YY4IULLLblt-02 
1.1533Y IYUY it-U3 
8.bL5lbY~564t-U4 
le63613u7U45k-U4 
1.ur783U4 /44t-u5 

-I.YU714LL64Mk-04 
Le3L07803bl3L-U5 

-6.284860 116Yt-UI 
U. 
l.bb1LYb3U54t-U2 

-be3LU2YU15L4t-03 
-be8L13350LU6t-U3 
-3.441bL'J1448t-U4 
L.151M1483Llt-U4 

-6e4163563L47t-05 
-1.1841861114t-05 
1. iJbL85OI4Lt-Ub 
U. 





SOLUT lUN 
l.US69544073t-02 

- 1 e 4 8 5 9 5 9 2 6 4 4 t - U 4  
-9.15473815 13t-03 
1.386445038Yt-05 

- 4 * Y U 8 5 Y U 2 b U  It-03 
3.YMlYbblM83t-U4 

-Y.4Y605013Y8t-U5 
5.11589Y5L5Lt-05 

-2.454333 141 It-U5 
l e U 5 4 8 1 1 8 1 Y l t - 0 6  
0. 

- L e 5 1 8 Y U 1 9 8 5 4 t - U L  
Y.Yl508187L8t-03 
4.Y8Ll364YbLt-U3 
b.lLbLL558YYt-UI 
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